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A family Z C P(w) is called an ideal if

a) BeZIforany BC A€,
b) AUBe€Zforany A,B €17,
¢) Fin = [w]<¥ C T,

d) wgl.

Z,J are ideals in the following.

A CP(w) Ad={ACuw; w\ A€ A}

A family F C P(w) is called a filter if F¢ is ideal.



Convergence of reals (z,, : n € w)

H. Cartan [1937]
2/ =limp f it fTYV()CF

fiw—R fn)=zn,mew

Tn L:c = (Me>0FAe)(Vnew)(ngA— |z, —z| <e)



All functions are assumed to be real-valued.



Z-convergence of (f, :n€w), fu,f: X —R

M. Katétov [1968], ..., P. Kostyrko, T. Salat and W. Wilczynski [2000]
Z-pointwise convergence fn N f

Vre X)(Ve >0)FA€)(Vnew)(n g A — |fn(x) — f(z)] <e)

P. Das and D. Chandra [2013]

. ZQN
Z-quasinormal convergence fn &» f

there exists (e, : n € w) Z-converging to 0 such that

Ve e X)(BAeI)(Vnew)(n g€ A — |fu(z) — f(2)] <en)

M. Balcerzak, K. Dems and A. Komisarski [2007]
. Z-u
Z-uniform convergence fn=—1f

(Ve >0)(FAeI)(Vz e X)(Vn e w)(n & A — |fn(z) — f(z)] < ¢)



A Csaszar and M. Laczkovich [1979], Z. Bukovska [1991]

Let fr, f,n € w be functions on X. The following conditions are equivalent.
N
i) fn Q*> fonX.

oo
(ii) There are sets X, C X suchthat X = |J X and f,, = f on X, for every
k=0
k € w.

oo
(iii) There are sets X, C X suchthat X = |J X, Xx C Xg41,k€wand f, = f
k=0
on X, for every k € w.

Moreover, if X is a topological space and f,,,n € w are continuous, then (i), (ii) and
(iii) are equivalent to

oo
(iv) There are closed sets X}, C X suchthat X = |J X, X € Xp4+1,k € wand
k=0
fn = fon Xy forevery k € w.



B C Zisabase of Zif forany A € 7 thereis B € B such that A C B.

cof(Z) = min{|A|; ACZ A Ais abaseof T}

Theorem
The following are equivalent:

a) cof(Z) = k.

. ZQN
b) For any set X and for any sequence, if fy, &» fonX there are X¢, £ < w such

that X = {Je ., Xe and fn Iy f on each X¢. Moreover, if X is a topological
space and fn,n € w are continuous, then the sets X, can be chosen to be
closed.

R. Filipow and M. Staniszewski [2013] K =g

P. Das and D. Chandra [2013]

Let fr, f,n € w be functions on X. If there are X, C X, k € w such that f,, @ fon

ZQN
each X, then f;, & fon U Xg.
kew



All spaces are assumed to be Hausdorff and infinite.



L. Bukovsky, I. Rectaw and M. Repicky [1991]

A topological space X is a QN-space (a wQN-space) if each sequence of continuous
real-valued functions converging to zero on X is (has a subsequence) converging
quasi-normally.

P. Das and D. Chandra [2013]

A topological space X is an ZQN-space (an ZwQN-space) if each sequence of
continuous functions converging to zero on X is (has a subsequence) converging
Z-quasinormally (with respect to its enumeration).



Ideals with a pseudounion
A set B C wis called a pseudounion of the family A C P(w) if w \ B is infinite and
A C* Bforany A € A.

Thus an ideal 7 is a P-ideal if and only if every countable subfamily of Z has
a pseudounion belonging to Z.

If a pseudounion A of Z belongs to Z thenZ = {B C w; B C* A}.
An ideal Z has a pseudounion if and only if Z is not tall.
If cof(Z) < p then Z has a pseudounion.

() x Fin has a pseudounion and cof((} x Fin) = 0.

O x Fin={A Cw X w; (Vn € w) {m; (n,m) € A} € Fin}



Ideals with a pseudounion

The n-th element of A C w is denoted e 4 (n).

Proposition
Let C be a pseudounion of an ideal Z, A = w \ C. Then

a) For any sequence (fn : n € w) of real-valued functions on X, if fn L f then

feA(n) — f.
, i QN
b) For any sequence (fy : n € w) of real-valued functions on X, if f, —— f then
QN
feA(n) — f.
Corollary

LetZ C P(w) be an ideal with a pseudounion. Then

a) Any topological space X is an ZQN-space if and only if X is a QN-space.
b) Any topological space X is an TwQN-space if and only if X is a wQN-space.



Non-increasing control

P. Kostyrko, T. Salat and W. Wilczyniski [2000]
The following are equivalent.
(i) Zis aP-ideal.

(ii) For every sequence of reals {z,,}22 ), if p, Z x then there is A € Z¢ such
that Tey(n) — T

R. Filipéw and M. Staniszewski [2013]
The following are equivalent.
(i) Zis aP-ideal.

. QN
(ii) For every sequence of functions (f, : n € w) onaset X, if f & f then there

. . ZQN .
is a sequence of reals {e,}22 , converging to zero such that f,, & f with the

control {e,}52 .



P. Das and D. Chandra [2013]

Let Z be a P-ideal, X = | Xs,|S| < b.
seS

QN ZIQN
If fn & foneach X, then f, & fonX.

If 7 is a P-ideal then add(ZQN-space) > b.

add(ZQN-space) = min{|Al; (VA € A) “Ais an ZQN-space” A “|J A is p.n. non-ZQN-space”}
p.n.=perfectly normal



H 4]
Archangel’skii’s property (o)
A.V. Arkhangel’skii [1972]
A topological space Y is («1)-space if for any (S, : n € w) of sequences converging to
some point y € Y, there exists a sequence S converging to y such that S,, C* S for all
n e w.
A topological space Y is («1)-space if and only if for any sequence {{zn,m}5°_¢}52,

of sequences converging to some point y € Y, there exists an increasing sequence
{mn}S2, such that {zn,m; m > mn,n € w} converges to y.

M. Scheepers [1998], L. Bukovsky and J. Hales [2007], M. Sakai [2007]

Cp(X) satisfies (cv1) if and only if X is a QN-space.



(Z-a1) _ , ,
For any continuous functions fy m : X — Rif f,m — 0foranyn € w
then there is a sequence (B, : n € w) of sets from Z such that

(Ve >0)(Vz e X)(FA € I)(Vn € w)(m & AU By, — |fn,m(x)| < ).

Theorem

X satisfies (Z-«1) if and only if X is an ZQN-space.



(Z-a)

For any continuous functions f, m : X — Rif fn, m — O0forany n € w then there is
asequence (Bj, : n € w) of sets from Z such that

(Ve > 0)(Ve € X)(3A € I)(Vn € w)(m & AU By, — [fn,m(z)| < &).

If Cp(X) satisfies (Z-a1) then X is an ZQN-space.

1. fm_’o fn,m:2n|fm| fn,m_’oynewa

o0
2. (Bp:n€w),BnCBut1, U Bn=w,B_1 =0

n=0
3. mE€Bp\Bn_1 em=2"",

4. {m; em >27"} = B, Em 2, 0,
5. m¢ By m € Bp \ Bn_1 em =27"

6. zeX,e=1 m¢ AU By, [fm(2)] < em.



(Z-a1)

For any continuous functions fr, m : X — Rif fn, m — Oforany n € w thenthereis
asequence (B, : n € w) of sets from Z such that

(Ve > 0)(Ve € X)(BA € I)(Vn € w)(m € AU Bp — |fn,m(x)] <e).

If X is an ZQN-space then C, (X) satisfies (Z-a1).

[ee)
1. faom —0,n€Ew gm =y, min{27",|fn,ml|} gm — 0, gm continuous,
n=0

IQN

2. gm — 0 with the control &, = 0,

»2xeX A, €T méd A — gn(x) <em,

» (B, :n€w) m¢& B, — &, <277,
3. m¢g& A, UBy gm(z) <27" [ fr,m(z)| <277,

4. z€ X, e>0,ko:27F0 < e, mo (Vk < ko)(Vm > mo) ‘fk,m($)| < €.



L. Bukovsky and J. Hales [2007] (a0), (o)

(Z-a0)

For any continuous functions fy m, f : X — Rsuch that f, m — f for

any n € w there is a sequence {n, }5°_, Z-divergent to co such that fn,, m Z, I

(Z-a)

For any continuous functions frn m, fr, f : X — Rsuchthat fn m — fn

forany n € wand f,, — f there is a sequence {nm}5°_, such that f,, m Z, f-

Theorem

X satisfies (Z-ap) = X satisfies (I-oj) = Xis an IQN-space



Coverings, two parameters



L. Bukovsky and J. Hales [2007], M. Sakai [2007] o1 (T, T), B1, B2, B3, BT, B3

A ~v-cover (Un : n € w) is fully shrinkable if there is a closed ~-cover (Fy, : n € w) such
that F, C U, foreachn € w.

M. Sakai [2007]

Every open «-cover (U, : n € w) of a perfectly normal space X is fully shrinkable if
and only if X is a o-set.

P. Das [2013]
A cover (Uy, : n € w) of X is an Z-y-cover if {n € w; z € U, } € T foreach z € X.

I-r

An infinite cover A of X is a y-cover if every z € X lies in all but finitely many members of A. (J. Gerlits and
Zs. Nagy [1982]) T

A topological space X is a o-set if every F, subset of X is a G setin X.



Theorem
The following are equivalent.

(i) Xis an ZQN-space.
(ii) For every sequence ({Un,m; m € w} : n € w) of fully shrinkable open ~-covers
there is a sequence {nm }57_, Z-divergent to co such that {Un,, m; m € w} is

anZ-y-coverof X.

(iii) For every sequence ({Un,m; m € w} : n € w) of fully shrinkable open ~-covers
there is a sequence (B, : n € w) of sets from Z such that

Vze X)FAeI)(Vnew)im g AUB, — x € Up,m).



Proposition
LetZ C P(w) be an ideal with a pseudounion C, A = w \ C. Then for any T-y-cover
(Un : n € w), the sequence (Ug , () : 1 € w) IS ay-cover.

Corollary

LetZ,J C P(w) be ideals with pseudounions. Then any topological space X is
an S1(Z-I', JT')-space if and only if X is an S1(I",T")-space.

Let A, B be families of covers of X. A topological space X possesses the property S; (A, B) if for every
sequence (Uy, : n € w) of covers from A there exist sets U,, € Uy, n € wsuchthat {Uyp; n € w} € B.
(M. Scheepers [1996])



P. Das and D. Chandra [2014]

A topological space X is an (Z,.7)wQN-space if each sequence of continuous
functions Z-converging to zero on X has a subsequence converging [7-quasinormally
(with respect to its enumeration).

Corollary

LetZ,J C P(w) be ideals with pseudounions. Then any topological space X is
an (Z,J )wQN-space if and only if X is a wQN-space.



Proposition
Any ~y-setis an S1(Z-T',T')-space.

Proposition
If X is an S1(Z-T',T")-space then X is an (Z,Fin)wQN-space.

Corollary
Any ~y-set is an S1(Z-T', J-T')-space and an (Z,J)wQN-space.

A cover A of X is an w-cover if for any finite subset F' of X thereis A € A suchthat F C A. (J. Gerlits and
Zs. Nagy [1982])
A topological space X is a v-set if any open w-cover of X contains ~y-subcover. (J. Gerlits and Zs. Nagy [1982])



References

DO & D & J

Apxanrenvckuii A.B. (Arkhangel'skii A.V.), Cnexmp wacmom monoaozuveckozo

npocmpancmea u waaccuurayus npocmpancme, IAH CCCP, 206:2 (1972),
265-268. English translation The frequency spectrum of a topological space and the classification of spaces,
Soviet Math. Dokl. 13 (1972), 1185-1189.

Balcerzak M., Dems K. and Komisarski A., Statistical convergence and ideal convergence for sequences of
functions, J. Math. Anal. Appl. 328 (2007), 715-729.

Bukovska Z., Quasinormal convergence, Math. Slovaca 41 (1991), 137-146.

Bukovsky L. and Hale$ J., QN-spaces, wQN-spaces and covering properties, Topology Appl. 154 (2007),
848-858.

Bukovsky L., Rectaw |. and Repicky M., Spaces not distinguishing pointwise and quasinormal convergence
of real functions, Topology Appl. 41 (1991), 25-40.

Cartan H., Théorie des filtres, C. R. Acad. Sci. Paris 205 (1937), 595-598.
Cartan H., Filtres et ultrafiltres, C. R. Acad. Sci. Paris 205 (1937), 777-779.

Csaszar A. and Laczkovich M., Some remarks on discrete Baire classes, Acta Math. Acad. Sci. Hungar. 33
(1979), 51-70.



DD DEE DE) @

Das P. and Chandra D., Spaces not distinguishing pointwise and Z -quasinormal convergence of real
functions, Comment. Math. Univ. Carolin. 54 (2013), 83-96.

Das P. and Chandra D., (Z,.J )-quasinormal spaces, manuscript.

Das P, Certain types of open covers and selection principles using ideals, Houston J. Math. 39 (2013),
637-650.

Filipéw R. and Staniszewski M., On ideal equal convergence, manuscript.

Gerlits J. and Nagy Zs., Some properties of C(X), I, Topology Appl. 14 (1982), 151-161.

Katétov M., Products of filters, Comment. Math. Univ. Carolin. 9 (1968), 173—189.

Kostyrko P, Salat T. and Wilczynski W., Z-convergence, Real Anal. Exchange 26 (2000/2001), 669-685.
Sakai M., The sequence selection properties of C,, (X '), Topology Appl. 154 (2007), 552-560.
Scheepers M., Combinatorics of open covers |: Ramsey theory, Topology Appl. 69 (1996), 31-62.

Scheepers M., C, (X') and Archangel’skil’s «; -spaces, Topology Appl. 45 (1998), 265-275.



Thanks for Your attention!



